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Thermodynamic properties of rotating trapped ideal Bose gases
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Ultracold atomic gases can be spined up either by confining them in rotating frame, or by intro-
ducing “synthetic” magnetic field. In this paper, thermodynamics of rotating ideal Bose gases are
investigated within truncated-summation approach which keeps to take into account the discrete
nature of energy levels, rather than to approximate the summation over single-particle energy levels
by an integral as does in semi-classical approximation. Our results show that Bose gases in rotating
frame exhibit much stronger dependence on rotation frequency than those in “synthetic” magnetic
field. Consequently, BEC can be more easily suppressed in rotating frame than in “synthetic”
magnetic field.
PACS numbers: 03.75.Hh, 05.30.Jp, 75.20.-g
I. INTRODUCTION
In the past few years, rotating Bose gases have been
intensively studied in the context of trapped ultracold
atomic gases [1, 2]. One may expect that rotation sup-
presses Bose-Einstein condensation (BEC). Like super-
conductors in magnetic field, vortices may be formed in-
side the condensate when it is rotated and the Abrikosov
vortex lattice can even be observed [3–5]. More strik-
ingly, rotating condensates in the fast-rotation limit are
expected to exhibit novel quantum phases analogous to
the quantum Hall state of electrons, if interactions be-
tween atoms are taken into account [6–10].
Earlier experiments to spin up neutral atomic gases
are to confine them in a rotating frame [11–13]. More re-
cently, the so-called “synthetic” magnetic field approach
is developed [14–16], which creates an effective gauge po-
tential A for neutral atoms by means of optical field [17–
19], instead of rotating the frame. In this case, atoms
behave like charged particles in magnetic field. The “syn-
thetic” magnetic field has already been realized in exper-
iments and can be produced significantly large, which
makes it hopefully to achieve the fast-rotating limit [14–
16].
Although most research work on rotating Bose gases,
both experimental and theoretical, focuses on the ground
state properties or behaviors of rotating condensates,
thermodynamic properties have also stimulated a number
of interests [20–25]. The emphasis is mainly laid on Bose
gases in the rotating frame. It is reported that the crit-
ical temperature decreases with the rotation frequency
apparently [20, 21, 23]. Recent attention was also paid
into the gases in “synthetic” magnetic field [23, 25].
The theoretical treatment in above works is mainly
based on the semi-classical approximation (SCA), in
which the energy spectrum is treated as a continuum
and thus the summation over the discrete single-particle
energy levels is converted into phase-space integrals.
The SCA approach offers qualitatively accurate descrip-
tions of thermodynamics of Bose gases without rota-
tion through an extremely simple and efficient way [26].
Moreover, it is an effective approach to deal with Bose
gases in the rotating frame [20, 21, 23, 24]. However,
problem arises when the SCA approach is applied to ideal
Bose gases in “synthetic” magnetic field [23]. For exam-
ple, the BEC temperature in this case has no relation
with the magnetic field. In the meanwhile, the Landau
diamagnetism also keeps unchanging at all temperatures
[23]. These unphysical results urge us to seek a more
efficient treatment beyond the SCA approach.
The direct way to go beyond the SCA is to reconsider
the discrete nature of the single-particle energy levels.
Therefore, we compute the thermodynamic quantities of
rotating trapped ideal Bose gases by performing the sum-
mation over discrete energy levels numerically by trun-
cating the summation at certain order. This truncated-
summation approach (TSA) produces reliable results and
overcomes the disadvantage of the SCA when applying to
ideal Bose gases in “synthetic” magnetic field.
This paper is organized as follows. Section 2 outlines
main results on the basis of the semi-classical approx-
imation and discusses briefly the problem that causes.
We present numerical results based on the truncated-
summation approach in Section 3 and then conclude in
the last Section.
II. THE SEMI-CLASSICAL APPROXIMATION
RESULTS
A. Trapped ideal Bose gases in the rotating frame
The single-particle Hamiltonian describing rotating
neutral bosons with mass M trapped in harmonic po-
tential can be written as
Hˆ =
p2
2M
+
1
2
Mω20
(
x2 + y2
)
+
1
2
Mω2zz
2 − ΩLˆz
=
(p−A)2
2M
+
1
2
M(ω20 − Ω2)
(
x2 + y2
)
+
1
2
Mω2zz
2,
(1)
2where p is the momentum operator, Lˆz is the operator
of the orbital angular momentum, ω0 and ωz denote the
transverse and axial frequencies of harmonic potential, Ω
is the rotation frequency around the z axis. The vector
potential in the symmetric gauge is A = (B × r)/2 =
M(Ω × r), and B = 2MΩ~ez is the effective “magnetic”
field.
The eigen-energy εnlm is given by
εnlm = (n+
1
2
)~ωz + (2l + |m|+ 1)~ω0 −m~Ω. (2)
For simplicity, we can adopt a dimensionless treatment
to eigen-values εnlm in units of ~ωz. One has
ε¯nlm = n+
1
2
+ (2l+ |m|+ 1)σ −mσξ, (3)
where ε¯nlm = εnlm/(~ωz), with the quantum numbers
n = 0, 1, 2, · · · , l = 0, 1, 2, · · · , and m = 0,±1,±2, · · · .
σ = ω0/ωz and ξ = Ω/ω0 denote the aspect ratio of
harmonic trap and the dimensionless rotation frequency,
respectively. The ground state energy of one particle is
given by ε¯0 = ε¯000 = 1/2 + σ.
The dimensionless thermodynamic potential is ex-
pressed as Ω¯ = Ω¯T + Ω¯0. Thermodynamic potential for
thermal particles Ω¯T reads
Ω¯T = T¯
∑
nlm
ln
[
1− exp
(
µ¯− ε¯nlm
T¯
)]
≃ T¯
∫
∞
0
dn
∫
∞
0
dl
∫
∞
−∞
dm ln
[
1− exp
(
µ¯− ε¯nlm
T¯
)]
= − T¯
4
σ2(1− ξ2)g4
(
ε¯0 − µ¯
T¯
)
, (4)
where the summation over energy levels is replaced by
direct integrals over all the quantum numbers. This
is the so-called semi-classical approximation. Here
T¯ = kBT/(~ωz) is the dimensionless temperature, µ¯ =
µ/(~ωz) is chemical potential, and gγ(z) is the poly-
logarithm function which obeys the relation ∂gγ(z)/∂x =
−gγ−1(z)∂z/∂x. For condensed bosons, Ω¯0 is described
by
Ω¯0 =
1
~ωz
∫
d3r
{∣∣Dψ¯∣∣2
2M
+ V (r)
∣∣ψ¯∣∣2 − µ ∣∣ψ¯∣∣2
}
, (5)
with Dψ¯ = ~∇ψ¯ + iAψ¯. ψ¯ is a background field and
V (r) represents trapping potential.
All thermodynamic quantities can be obtained from
the thermodynamic potentials. The BEC temperature is
given by
T¯C =
(
ω20 − Ω2
ω2zg3(0)
N
) 1
3
=
[
σ2(1 − ξ2)
g3(0)
N
] 1
3
. (6)
Note that BEC temperature of Bose gases in the rotat-
ing frame decreases with rotation frequency increasing.
When the rotation frequency Ω approaches to the trap
frequency ω0 (called the fast-rotating limit), the BEC
does no longer take place [20, 21, 23].
The condensate fraction is written as
N0
N
= 1−
(
T¯
T¯C
)3
. (7)
This is formally identical with the expression of non-
rotating harmonically trapped Bose gases in three di-
mensional space. The impact of rotating effect on the
condensate fraction mainly comes from Eq. (6).
If looking upon it as some effective magnetic field, ξ
may induce “magnetization”, which reads
M¯ = −∂Ω¯
∂ξ
= −Nξ. (8)
The value of magnetization is negative, reflecting that
Bose gases in the rotating frame exhibit the Laudau dia-
magnetism. We point out that the magnetization keeps
invariant at all temperatures [23], conflicting with our es-
tablished intuition which the magnetization varies with
the temperature and diamagnetism is stronger at lower
temperatures.
B. Trapped ideal Bose gases in “synthetic”
magnetic field
The effective Hamiltonian for a trapped atom in “syn-
thetic” magnetic field can be expressed as follows,
Hˆ =
(p−A)2
2M
+
1
2
Mω20
(
x2 + y2
)
+
1
2
Mω2zz
2, (9)
which looks like that of charged particles in the mag-
netic field with A representing “synthetic” gauge poten-
tial. And the energy levels are given by
ε¯nlm = n+
1
2
+ (2l + |m|+ 1)
√
σ2 + B¯2 −mB¯, (10)
where σ = ω0/ωz, B¯ = ωL/ωz, and ωL denotes the Lar-
mor frequency.
We can directly present the analytical expression of
BEC temperature within SCA framework according to
Ref. [23],
T¯C =
(
σ2N
g3(0)
) 1
3
. (11)
Obviously, BEC temperature is irrelevant to “synthetic”
magnetic field, only determined by the frequency of har-
monic potential and the particle number.
Diamagnetization in “synthetic” magnetic field B¯ can
be calculated similarly to the rotating frame case,
M¯ = − ∂Ω¯
∂B¯
= − NB¯√
σ2 + B¯2
. (12)
It vanishes as B¯ → 0, but seems to have no relation with
the temperatures. Therefore, a correction to thermody-
namics of the SCA is needed.
3C. Problem with the semi-classical approximation
As already studied [20, 21, 23, 24], the SCA is very
useful in calculation the thermodynamics of Bose gases
without rotation and those in the rotating frame. It also
provides a good description of thermodynamic quantities
such as the BEC temperature, condensate fraction, and
specific heat. Nevertheless, the magnetization expressed
in Eq. (8) indicates that it fails in exploring magnetic
properties. The problem goes more serious in the case
of Bose gases in“synthetic” magnetic field. Neither the
BEC temperature nor the diamagnetization is correctly
calculated, as suggested in Eqs. (11) and (12).
The failure of SCA in dealing with magnetic proper-
ties of quantum gases reminds us to recall the Bohr-van
Leeuwen theorem. Within this semi-classical approxima-
tion, the grand-canonical free energy of the ideal Bose
gas reads [21]
F =N0(µc − µ)−
∞∑
j=1
1
jβ
exp{−β[Hj(x,P) − µ]}
=N0(µc − µ)− 1
β
∫
d3xd3P
(2π~)3
exp{−β[H(x,P)− µ]},
(13)
where µc denotes the critical chemical potential at which
the condensation emerges. The energy levels Hj are re-
placed by the classical Hamiltonian
Hˆ =
P2
2M
+ V (x,Ω). (14)
whereP = p−A. Therefore, the gauge potentialA in the
first term of Hamiltonians (1) and (9) disappears in the
integral. In Hamiltonian (1), the rotation is still partially
embodied in the second term by the rotation frequency
Ω, while in Hamiltonian (9) the rotation information is
completely drowned.
To retrieve the lost information regarding the rotation,
the discrete feature of energy levels must be held back.
In the following section, we will calculate summations
over energy levels directly, rather than converting the
summation into integrals.
Recently, EI-Badry has calculated the field dependence
of BEC temperature and the temperature dependence for
synthetic magnetization base on a modified semi-classical
approximation. He obtains the decrease of T¯C with in-
creasing the field and M¯ with the temperature [25]. Their
results include simultaneously corrections to quantities
arising from the finite size and interatomic interaction
effects. Quantization feature of energy levels is still not
taken into account.
III. NUMERICAL RESULTS: THE
TRUNCATED-SUMMATION APPROACH
We first describe the method employed in this section.
Generally, thermodynamic quantities derived from ther-
modynamic potential is an infinite summation over all
the energy levels. Take the number of particles for ex-
ample, N = −∂Ω¯/∂µ¯, which yields
NT =
∑
nlm
{exp[(ε¯nlm − µ¯)/T¯ − 1]}−1 (15)
and
N0 = −∂Ω¯0
∂µ¯
=
∣∣ψ¯∣∣2 , (16)
corresponding to the number of thermal and condensed
bosons, respectively. Here ε¯nlm denotes energy levels ex-
pressed in Eq. (3) for the rotating frame case and Eq.
(10) for “synthetic” field case, respectively.
Unfortunately, it is impossible to derive an analytical
expression of the infinite summation. Therefore we per-
form numerical calculations by truncating the summation
at certain order of energy levels. That is to say, higher
energy levels are neglected. Basically, this truncated-
summation approach is reasonable because the quantum
effect we concern occurs at low temperature and thus the
higher energy levels are seldom occupied.
A. Trapped ideal Bose gases in the rotating frame
Admittedly, the more energy levels are considered, the
more accurate the obtained results are, and the higher
the computational cost is. In order to acquire satisfactory
precision of the results, we need to choose an appropriate
cut-off-level of the energy, at which the summation is
truncated. There are three quantum numbers to describe
the energy level, n, l and m. For simplicity, we set that
the summation over each quantum number is cut off at
the same maximum value nmax. That is, the scopes of
quantum numbers n, l,m are defined as n ∈ [0, nmax], l ∈
[0, nmax],m ∈ [−nmax, nmax].
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FIG. 1: Plots of the BEC temperature T¯C versus the inverse
of the truncated order nmax for trapped Bose gases in the
rotating frame.
4Let’s first calculate the BEC temperature T¯C accord-
ing to Eq. (15). The particle number is set as N = 1000
and harmonic trap is set to be isotropic (σ = 1). As can
be seen from Fig. 1, T¯C drops quickly as nmax increases
when nmax is small, which means that the summation
does not converge. When nmax ≥ 100, T¯C remains stable
with nmax increasing. The summation is already conver-
gent because considering more higher energy levels does
not lead to visible changes to the result. In following cal-
culations, we choose nmax = 1000 in order to ensure the
precision of results, in which case the total energy levels
being considered are up to 109.
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FIG. 2: The BEC temperature as a function of rotation fre-
quency. The solid and short dashed lines denote the TSA and
SCA results, respectively.
We calculated the BEC temperature as a function of
the rotation frequency. The TSA and SCA results are
compared in Fig. 2. The TSA result is lower than the
SCA one, but the difference is negligible. Particularly,
both results drop down to zero when Ω → ω0. At this
point, the system reaches the fast-rotating limit and BEC
is completely suppressed.
The condensate fraction for the ξ = 0.5 case versus
the normalized temperature is plotted in Fig. 3. The
temperature dependence of N0/N deviates slightly from
the 1− (T¯ /T¯C)3 law predicted by the SCA. Interestingly,
normalized-temperature dependence of N0/N at differ-
ent rotating frequencies obeys almost the same law, as
demonstrated in the inset of Fig. 3.
Figure 4 shows the specific heat, C¯, which is given in
the summation form
C¯ =
∑
nlm
ε¯nlm
T¯ 2
exp
(
ε¯nlm−µ¯
T¯
) [
T¯ ∂µ¯
∂T¯
+ ε¯nlm − µ¯
]
[
exp
(
ε¯nlm−µ¯
T¯
)− 1]2 . (17)
For T¯ ≤ T¯C , the chemical potential µ¯ is equal to the
ground state energy ε¯0. C¯ exhibits discontinuity at the
critical temperature. It tends to zero at the low temper-
ature limit T → 0 and Dulong-Petit specific heat at high
temperature region. TSA results are larger below T¯C ,
but smaller above T¯C than the SCA results.
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FIG. 3: Condensate fraction versus the normalized temper-
ature at ξ = 0.5. Inset: TSA results for different rotation
frequencies.
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FIG. 4: The per-particle specific heat versus temperature
which is in unit of the SCA BEC temperature at ξ = 0. The
horizontal solid line indicates the Dulong-Petit law.
Above results suggest that the TSA only brings about
small corrections to the SCA. We proceed to check the
magnetization, which in the summation form is given by
M¯ = −N0ξ −
∑
nlm
(2l + |m|+ 1)ξ −m
exp
[
(ε¯nlm − µ¯)/T¯
]− 1 . (18)
The obtained result shown in Fig. 5 suggests the TSA
correction to diamagnetization comes dramatically sig-
nificant. Distinct from the SCA result which keeps an
constant at all temperatures, M¯ becomes varying with
T¯ , particularly at low temperature. The SCA result just
amounts to the minimum value of the TSA result. M¯
drops quickly with T¯ dreading and achieves its maximum
at T¯ = 0. This behavior means that the diamagnetism
is stronger at lower temperatures especially below the
transition temperature. Above the BEC temperature,
the M¯ − T¯ line becomes flatten out, and tends to zero
at higher temperature. This suggests that the rotation
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FIG. 5: Magnetization versus temperature. The solid line
indicates the case of non-rotating states.
effect is sorely suppressed by thermal fluctuations.
B. Trapped ideal Bose gases in “synthetic”
magnetic field
In comparison to the gas in the rotating frame, less
attention has been paid to the Bose gas in “synthetic”
magnetic field [23, 25]. Plausibly, the two systems might
exhibit similar behaviors, since their Hamiltonians resem-
ble each other. However, the results based on SCA have
revealed that they show more differences than similari-
ties. Moreover, according to the analysis in Sec. II C, the
SCA is more unapplicable to the Bose gas in “synthetic”
magnetic field. Thus it is in more need of treatment be-
yond SCA.
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FIG. 6: The BEC temperature T¯C versus the inverse of the
truncated order nmax at different “synthetic” magnetic field
B¯.
Once again, we need to verify the accuracy and relia-
bility of the TSA. Figure 6 shows the T¯C − 1/nmax curve
at different given fields. It should be noted that con-
vergency of the summation becomes worse in stronger
0 1 2 3
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10
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L z
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FIG. 7: The BEC temperatures as a function of ωL/ωz. The
solid and short dashed lines show the TSA and SCA results,
respectively.
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FIG. 8: Magnetization versus temperature for different “syn-
thetic” magnetic field. The solid line denotes the zero-field
case.
magnetic field, and thus we need a larger nmax. And
again we judge that nmax = 1000 is sufficient to ensure
acceptable accuracy.
Figure 7 plots the BEC temperature, T¯C , as a function
of “synthetic” magnetic field, B¯. The “synthetic” field-
dependence of T¯C takes on completely different charac-
teristics from that within the SCA, for which T¯C has no
relation with B¯. The present result appears more rea-
sonable and keeps consistent in superconductivity when
exposed to a magnetic field, where the transition temper-
ature decreases as the magnetic field is strengthened. We
wish to point out that BEC temperature of the trapped
Bose gas either in the rotating frame or in “synthetic”
magnetic field decreases with the rotation frequency ξ
or “synthetic” magnetic field B¯. Nevertheless, T¯C drops
more quickly in the former case, as indicated in Figs. 2
and 7.
As shown in Fig. 7, T¯C ≈ 7.4 at B¯ = 3, which is still
quite large. Based on present results, we suspect that
T¯C → 0 at about B¯ = 18 according to the decreasing
6trend of the BEC temperature with “synthetic” magnetic
field. However, within the current truncated energy lev-
els, we can not find T¯C → 0. This might be owing to the
fact that nmax is not large enough to produce convincing
numerical results at that large field. If stronger field B¯
is considered, we need to choose a larger nmax.
Figure 8 shows the “synthetic” diamagnetism calcu-
lated from the following formula,
M¯ = − N0B¯√
σ2 + B¯2
−
∑
nlm
(2l + |m|+ 1) B¯√
σ2+B¯2
−m
exp
[
(ε¯nlm − µ¯)/T¯
]− 1 .
(19)
Its feature is similar to that of the trapped Bose gas in the
rotating frame. It is by no means a constant with tem-
perature as the SCA predicted. The “synthetic” mag-
netization M¯ decreases as the temperature is lowered,
reaching its maximum value at T¯ = 0. Magnetization M¯
is stronger and negative at larger “synthetic” magnetic
field B¯ below the BEC temperature. Our results provide
a theoretical support for the current experiment [27].
C. Comparison with other improvements to the
semi-classical approximation
It is worth noting that two other revelent approaches
have already been proposed to improve the SCA by tak-
ing into account, more or less explicitly, the quantiza-
tion feature of energy levels [22, 28]. In Ref. [22], Balaz˘
et al. developed an efficient ultra-fast converging path-
integral approach on the basis of precise single-particle
energy spectrum and obtained more reasonable results
than semi-classical calculations, in particular for smaller
particle numbers. The other approach retrieves the lost
information in SCA by considering higher order correc-
tions when replacing summations by an integral [28].
Thermodynamic properties of harmonically trapped ideal
Bose gases without rotation were calculated analytically.
Relatively, the TSA is a quite simple but already effec-
tive approach to go beyond the SCA. In order to demon-
strate this point, we give a direct comparison between the
TSA result and the first (the first two) finite-size correc-
tions in Ref. [28], as shown in Fig. 9. It is clearly shown
that the TSA correction yields very good agreement with
the first two finite-size correction even for small particle
numbers.
IV. CONCLUSIONS
In this paper, we study thermodynamic properties of
the rotating trapped ideal Bose gas numerically using
a truncated-summation approach. This approach con-
serves the discrete feature of energy levels in contrast
to the semi-classical approximation, thus it helps to ac-
count for quantum effects of the system, e.g., the effec-
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-0.4
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-0.1
0.0
(T
C
-T
(0
)
C
)/T
(0
)
C
 
 
N-1/3
FIG. 9: Finite-size corrections (T¯C−T¯
(0)
C )/T¯
(0)
C versus N
−1/3.
The bullets denote the TSA correction. T¯C and T¯
(0)
C denote
the BEC temperature for ideal gases without rotation within
the TSA and SCA, respectively. The dotted (dashed) line
corresponds to the first (the first two) finite-size corrections
which is taken from Eq. (32) in Ref. [28].
tive “magnetization” resulted from the rotation. The ob-
tained results indicate that the “diamagnetization” turns
significantly stronger below the BEC temperature than
above, coinciding with our intuition established in super-
conductivity.
We perform calculations of the BEC temperature as
a function of the rotation frequency for bosons spined
up both by the rotating frame and “synthetic” magnetic
field. In both cases, the BEC temperature decreases with
the increasing rotation frequency or “synthetic” magnetic
field, which suggests that the rotation tends to destroy
BEC. The decrease seems much slower in the latter case.
It probably implies that more stronger “synthetic” mag-
netic field is needed in order to drive the system to the
fast-rotating limit. Moreover, the specific heat is briefly
discussed. Similar to the SCA result, the specific heat
shows discontinuity at the BEC temperature and tends
to a constant in high temperature region.
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